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Use of recursion and analytical relations in evaluation
of hypergeometric functions arising in multicenter
integrals with noninteger n Slater type orbitals
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In this work we present the new recursion and analytical relations for the calculation
of hypergeometric functions F(1, b; ¢; z) occurring in multicenter integrals of noninte-
ger n Slater type orbitals. The formulas obtained are numerically stable for 0 < z < 1
and all integer and noninteger values of parameters b and c.
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1. Introduction

The hypergeometric functions play an important role in the solution of
many physical problems [1-9]. It is found [10], for example, for the evaluation
of multicenter integrals over noninteger n Slater type orbitals (STOs) one has to
use the hypergeometric function F(1, b; c; z) defined by the series [11]
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where b and ¢ are constants independent of z(0 < z < 1) and (b, n) is the
Pochhammer symbol defined by
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1 forn =0
(b,n) = {b(b+1).,.(b+n—1) forn=1,2,..."° @

The application that has motivated the present work is the need to evaluate
multicenter integrals of noninteger n STOs occurring in the study of electronic
structure of atoms, molecules, and solids, where the Hartree-Fock—Roothaan
and explicitly correlated methods are employed. It was shown in previous work
[10] that the required multicenter electron-repulsion integrals with noninteger n
STOs could be evaluated from the matrix elements that are expressible in terms
of hypergeometric functions F(1, b; ¢; z). Thus it is still of interest to have an
accurate algorithm for the evaluation of F(l,b;c; z) with arbitrary values of
b, ¢ and 7z using recursion relations and analytical formulas. Such an algorithm
is described in the present paper.

2. Definitions

In order to obtain the recursion and analytical relations for the hypergeo-
metric functions F (1, b; ¢; z) we shall use the following definitions [11]:
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where « > 0,8>0,u>1,v=n+¢60<e<landn=0,1,2,.... The gamma
functions in these equations are defined by

y(v,ax) = foax '~ le~'ds (5)
L, ax) = fao; "~ le~ds (6)
FW) =T, ax)+y©ax)= [ " ledr. (7)

The upward and downward recurrences, and the analytical relations for the
incomplete gamma functions y (v, @x) and I'(v, @x) occurring in equation (3)
and (4) are presented in Ref. [12].

3.  Recursion relations for hypergemetric functions

The recursion relations of hypergeometric functions with respect to the
indices v can be established using in equations (3) and (4) the recurrences of
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the incomplete gamma functions which are given in Ref. [12]. Then, we obtain:
Upward recurrences
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a+p al'(n+v)
o
x|:F<l,,u+v—l,v,a+IB)—1] ()

p >_ (v—D@+pl(u+v-1)
a+p) al'(nw+v)

, B I
x|:F(1,/L+v—1,u+l,a+ﬁ>+v_li|
)

F<1,M+v;u+1;

Downward recurrences
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The starting terms in recurrences (8)—(11) are determined by a
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See Ref. [12] for the exact definition of n, occurring in equations (10a) and (11a).

4. Analytical relations for hypergeometric functions

In order to establish the analytical formulae for the functions F ( 1, u +
v;v + 1; ﬁ ) and F <l,u +v;u+1; %) we shall use in equations (3) and
(4) the analytical relations of incomplete gamma functions derived in Ref. [12].
Then, it is easy to present the recursive relations (8) and (9) in the following ana-
lytical form:
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where 0 <k <n—1.

In special cases of equations (12) and (13) for k = n—1and v = n+¢
we obtain for the hypergeometric functions the following analytical relations in
terms of initial values:
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See Ref. [12] for the exact definition of coefficients (n + €);.
We notice that the hypergeometric functions with integer values of the indi-
ces o can also be evaluated from the following analytical relations:
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These formulae can easily be established from equations (3) and (4) by partial
integration.

5. Numerical results and discussion

The use of the newly derived closed-form expressions equations (12)—(17),
for hypergeometric functions F(1, b; c; z) can significantly improve the accuracy
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Table 1
Numbers of correct decimal figures a;, for hypergeometric functions
F(1,b;c; 7).
223

n v o B k  Equation (12) Equation (13)

5.3 6.8 65 24 5 14 14

13.5 16.8 146 124 15 16 15

0.3 3.4 1.8 21 2 16 17

1.5 20.3 17.1 152 19 20 20

23.1 256 217 195 24 14 15

323 325 12.1 9.5 31 13 13

432 532 402 297 52 13 13

643 553 414 297 54 13 12

70.6  35.5 584 429 34 14 14

87.2 635 658 642 62 16 16
100.8 9.3 1065 864 8 13 14

and efficiency of the evaluation of multicenter integrals over noninteger n STOs.
These approaches can be used for arbitrary values of indices b and c.

On the basis of formulas (equations (12)-(17)) obtained in this paper we
constructed a program for computation of hypergeometric functions on a com-
puter Pentium IIT 800 MHz (using Turbo Pascal language) in double precision
with an accuracy of significant digits. One can determine the accuracy of com-
puter results obtained from analytical relations (12) and (13) by the use of
upward and downward recurrences, equations (8)—(11). The examples of com-
puter calculation of equations (12) and (13) for the F(l, b; ¢; z) are shown in
Table 1. The numbers of correct decimal figures a; (|Afi| = 107%) determined
with the help of equations (8)—(11) are given in this table, where Af, = fi — fi_1.
Here, the values f; and f;_; are obtained from equations (12) and (13).

The use of formulas established in this work for the calculation of hyper-
geometric functions F (1, b; c; z) makes it possible to considerable simplify and
speed up calculations of the multicenter integrals over noninteger n STOs.
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